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Abstract
Torsion appears in a natural way in modern formulations of the gravita-
tional theories. In this work we study several aspects of the interplay between
the Standard Model and a classical gravitational background with torsion. In
particular we consider the problem of the gauge and gravitational anomalies,
B and L anomalies, the effective action for the torsion and the propagation
of electromagnetic radiation in the presence of torsion.
1
1 Introduction
As is well known, all of our positive knowledge about natural forces can be sum-
marized in the Standard Model (SM) and General Relativity. The Standard Model
is a SU(3)c × SU(2)L × U(1)Y quantum gauge theory which successfully describes
the strong and electroweak interactions, even at the high level of precision reached
at LEP. The current versions and generalizations of General Relativity can also in
some sense be considered as gauge theories of the Lorentz group SO(1, 3). However
a consistent and generally accepted formulation of the quantum theory of gravita-
tion is still lacking. Thus so far our description of the gravitational phenomena is
classical.
On the other hand, one important point concerning the modern gravitational
theories, such as supergravity [1] or superstrings [2] is that they consider the metric
(or the vierbein) and the affine connection as different structures. This is much more
natural from the mathematical point of view and leads to the appearance of torsion.
Therefore, while waiting for a completely consistent theory of gravitation, it seems to
be interesting to study the new effects that could appear when the Standard Model
is formulated in a classical gravitational background with torsion. We understand
that any future theory should contain this approach as some kind of low-energy
limit valid in a regime of weak gravitational fields. In this work we will discuss some
important aspects of this formulation and we will make some remarks on possible
new observable effects. The work is organized as follows. In Section 2 we do a brief
review of the classical formulation of the Standard Model in the presence of gravita-
tional fields with torsion. In order to define a proper quantum theory one important
requirement is the absence of gravitational and gauge anomalies. Anomalies arise
when some symmetry of the classical lagrangian is spoiled by the regularization pro-
cedure in the corresponding quantum theory, we deal with this issue in Sections 3
and 4. In Section 5 we reconsider the Standard Model hypercharge assignments and
in Section 6 we study the effects of torsion on the leptonic and baryonic charges. In
section 7 we give the effective action obtained for the torsion and electromagnetic
fields when matter is integrated out and study its main properties. It is then shown
that quantum effects give rise to an interaction term between these two fields which
would produce observable effects. Finally in Section 8 we end with the conclusions.
2
2 The Standard Model lagrangian in presence of
curvature and torsion
Let us start by introducing the notion of torsion from a geometrical point of view.
Consider a pseudo-Riemannian space-time manifold with metric tensor gµν . As
usual, in order to define the parallel transport of vectors, we should introduce a new
object, an affine connection, whose components we denote by Γˆλµν . Such arbitrary
connection is in principle independent of the metric. However if we want the lengths
and angles of vectors to be invariant under parallel transport, it is needed that the
connection is metric, that is:
(∇ˆλg)µν = ∂λgµν − Γˆκλµgκν − Γˆκλνgκµ = 0 (1)
where ∇ˆ is the corresponding covariant derivative. This condition allows us to find
the following general form for this kind of connections:
Γˆλµν = Γ
λ
µν +
1
2
(
T λν µ + T
λ
µ ν + T
λ
µν
)
(2)
The antisymmetric part, T λµν = Γˆ
λ
µν− Γˆλνµ is known as the torsion tensor and Γλµν
are the usual Christoffel symbols that can be obtained from the metric. Thus we
see that only for the metric and torsion free connection, both objects (metric and
connection) are not independent.
The formulation of the SM on curved spaces with torsion, can be obtained as
usual by means of the Strong Equivalence Principle (SEP). This principle states that
in the free falling reference frame, where the gravitational interaction is switched
off, the physical laws are locally the same as in absence of gravitational fields. The
SEP is related to the minimality of the SM lagrangian coupled to gravity and yields
a simple procedure to couple gravity to any field theory built in a flat space-time.
In the following, we will first apply this principle to work out the gravitational
interaction of Dirac spinors. At the end of this section we will also obtain the
lagrangians for scalar and gauge fields interacting with gravity.
In order to work in the path integral formalism in the following sections, we will
be interested in the euclidean lagrangian
LM = 1
2
(
ψγm∂mψ − ∂mψγmψ
)
(3)
Before coupling gravity to this lagrangian let us introduce some notation. We will
use latin indices m,n... for objects referred to the locally inertial reference frame
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and Greek indices µ, ν... for any other. If {ξm} are the coordinates in the privileged
system and {xµ} the coordinates in any other then as usual:
gµν(x) = eµm(x)e
ν
n(x)η
mn (4)
where ηmn = (−,−,−,−) is the euclidean flat metric and eµm(x) = ∂xµ/∂ξm is the
vierbein. In flat space-time, Dirac spinors change in the following way under Lorentz
transformations:
ψ(x) → Uψ(x) = e i2 ǫmnΣmnψ(x)
ψ(x) → ψ(x)U † = ψ(x)e− i2 ǫmnΣmn (5)
where Σmn =
i
4
[γm, γn] are the hermitian generators of the SO(4) group in the
spinor representation. Notice that, in euclidean space ψ and ψ are independent
variables and the transformation rule of ψ is taken in such a way that ψψ is invari-
ant. Therefore, the flat space-time Dirac lagrangian is invariant under those global
transformations.
The SEP requires the invariance of the Dirac lagrangian under Lorentz transfor-
mations to be not only global but also local. With that purpose, let us introduce
a covariant derivative ∂m → ∇m and change from the locally intertial frame to ar-
bitrary coordiantes by means of the vierbien ∇µ = emµ∇m so that we can write the
gauged hermitian Dirac lagrangian in the following way:
LM =
√
g
2
(
ψγµ∇µψ −∇µψγµψ
)
(6)
where we have defined the Dirac matrices in curved space-time γµ(x) = eµm(x)γ
m.
These matrices satisfy: {γµ(x), γν(x)} = −2gµν(x). The covariant derivative is
defined as usual by
∇µ = ∂µ + Ωµ (7)
where Ωµ is known as the spin connection. In order to keep the invariance under
local Lorentz transformations, Ωµ should transform as follows:
Ωµ → Ω′µ = U(x)ΩµU−1(x)− (∂µU)U−1(x) (8)
It can be shown that the connection components in the privileged reference frame
Γˆa bµ = η
bceaν(∂µe
ν
c + e
λ
c Γˆ
ν
µλ) do have precisely the above transformation rule.
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Following with the previous discussion, notice that {Γˆa bµ } does not have to be a
Levi-Civita connection (that is, torsion free and metric), which we will denote {Γa bµ }
and therefore torsion appears automatically. In fact, using the decomposition of the
metric connection in eq.2, we can write the Dirac lagrangian in eq.6 in terms of the
Levi-Civita connection plus an additional term depending on the torsion
LM = √gψ¯γµ
(
∂µ − i
2
Γa bµ Σab −
1
8
Sµγ5
)
ψ (9)
where Sρ = ǫµνλρT
µνλ. In conclusion, the lagrangian for Dirac fermions in a curved
space-time with torsion is that of a fermion in a curved space-time without torsion
plus a coupling between Sµ and the axial current.
Following the above arguments we can now write the corresponding expression
for the SM matter sector:
LM = √g
(
Q 6DQQ+ L 6DLL
)
(10)
where:
6DQ = γµDQµ = γµ(∂µ + ΩQµ +Gµ +WQµ PL + ig′BQµ
(
Y QL PL + Y
Q
R PR
)
+ SQµ γ5)
6DL = γµDLµ = γµ(∂µ + ΩLµ +WLµ PL + ig′BLµ (Y LL PL + Y LR PR) + SLµ γ5) (11)
Here we have used the following notation: Gµ, Wµ and Bµ are the gauge fields
corresponding to SU(3), SU(2)L and U(1)Y groups respectively. Quarks and lepton
are organized in doubletsQt = (U ,D), Lt = (N , E) and Y Q,LL,R denote the hypercharge
matrices [3].
As in the flat space-time case, these operators are not hermitian due to the chiral
couplings of SU(2)L and hypercharge fields. Thus the adjoint operators are
( 6DQ)† = γµDQµ = γµ(∂µ + ΩQµ +Gµ +WQµ PR + ig′BQµ
(
Y QL PR + Y
Q
R PL
)
+ SQµ γ5)
( 6DL)† = γµDLµ = γµ(∂µ + ΩLµ +WLµ PR + ig′BLµ (Y LL PR + Y LR PL) + SLµγ5) (12)
Notice that, since there is no right neutrino, the spin connection and torsion
couplings can be written as follows for leptonic operators:
ΩLµ = −
i
2
Γa bµ
(
PLΣab
Σab
)
, SLµ γ5 = −
1
8
Sµ
(
PLγ5
γ5
)
(13)
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where the matrices act on the flavor space. The expressions for Ω and S are obtained
from eq.13 just replacing PL → PR. For quark operators the spin connection and
torsion terms are the same as for leptons but without the PL,R projectors.
Finally we will give the lagrangians in curved space-time for the rest of fields
present in the SM.
As the scalar fields do not change under Lorentz transformations, their covariant
derivative is just an ordinary derivative. Then, according to the prescription based
on the SEP, we simply have to use the vierbein to perform an arbitrary coordinate
transformation. Thus, the action of the minimal SM symmetry breaking sector in
curved space-time reads:
SSBS =
∫
d4x
√
g
(
gµν(Dµφ)
†(Dνφ)− V (φ) + LY K
)
(14)
where Dµ = ∂µ + i
g′
2
Bµ +Wµ and LY K is the usual Yukawa lagrangian that is not
modified by the gravitational coupling.
The Yang-Mills lagrangian in flat space-time is given by
LYM = −1
4
F amnF
mn
a (15)
where a is a group index. We consider the strength tensor F amn as defined in a locally
inertial coordinate system. F amn is a Lorentz tensor and F
a
mnF
mn
a is invariant under
global and local Lorentz transformations. Therefore we only have to transform it to
an arbitrary coordinate system using the vierbein
F aµν = e
m
µe
n
νF
a
mn (16)
Thus the action for the SM gauge sector reads
SYM =
∫
d4x
√
g
(
1
2g2s
trGµνG
µν +
1
2g2
trWµνW
µν − 1
4
trBµνB
µν
)
(17)
3 The quantum Standard Model
Up to now we have considered the classical theory. The quantization of the SM in
curved space-time with torsion can give rise to new interesting effects. In partic-
ular, some of the above minimal lagrangians are not renormalizable. In fact, the
one-loop calculations require counterterms which were not present in the original
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lagrangian. For instance, for the scalar sector one needs to introduce the countert-
erm Rφ2 where R is the scalar curvature. In addition, one should include in the
pure gravitational sector some counterterms that absorb the vacuum divergences,
which cannot be discarded by the procedures used in flat space-time (such as nor-
mal ordering). However, the total number of new counterterms that we have to add
to render the theory renormalizable is finite. Furthermore, since symmetry is our
only guiding principle in constructing the SM lagrangian in curved space-time, any
other non-minimal term could be included, provided it respects the symmetries of
the theory. All such terms are different from the minimal ones in the sense that
they violate the SEP. The reason is that a term like Rφ2 vanishes in flat space-time,
but that is not the case in a free-falling reference frame due to the presence of the
scalar curvature. In contrast, the minimal couplings are the same either in a flat
space-time or in a free falling frame.
The violation of the SEP does not mean a breaking of Lorentz invariance (pro-
vided the non-minimal terms are Lorentz scalars). Nevertheless, we will see that the
anomaly effects may also violate Lorentz invariance, although for consistency we
will require its conservation. According to this discussion we conclude that the SEP
is only a low-energy effect which will not be satisfied when higher order corrections
are included in the effective lagrangian.
Concerning the quantum SM there is another issue that must be taken into
account in the canonical quantization procedure. In an arbitrary curved manifold,
Poincare´ invariance is no longer a symmetry and ∂/∂t, in general, is not a Killing
field. The existence of such a Killing vector provides a natural definition of positive
energy modes and therefore of creation and annihilation operators. As far as the
vacuum is defined using annihilation operators, in curved space-time the vacuum
is not unique. In this sense a given state which for certain observer is empty, may
have some particles for a different (accelerated) observer. These processes of particle
creation are typical of Quantum Field Theory (QFT) in curved space-time and they
have been extensively studied [4], [5].
In addition the definition of an S-matrix requires a time parameter with respect
to which we can define asymptotically free states in the remote past and future.
In fact, in Minkowski space-time, particles can be well separated before and after
the interaction. However, in curved space-time this situation does not take place in
general and, as a consequence, it is not always possible to define an S-matrix.
Finally it is well known that chiral theories (like the Standard Model) in four
dimensions are potentially inconsistent due to gauge and mixed gauge-gravitational
anomalies. In flat space-time, the assignment of hypercharges for the different
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fermions is done is such a way that the contributions to the anomalies of some
fermion field is exactly cancelled by the contributions of the rest of fermions. How-
ever when gravity is introduced things can change since there is new contributions to
the anomalies coming from curvature and torsion. In the next sections we will study
these new terms and we will extract the conditions needed for their cancellation.
4 The Standard Model anomalies
Let us consider the effective action for the gauge fields, the vierbein and the spin-
connection that is obtained after the functional integration of the fermionic fields in
the SM:
e−W [A,Ω,e] =
∫
[dψdψ]e−
∫
d4xLSM (18)
Here A denotes the gauge fields and ψ all the fermions. This effective action contains
all the information about the quantum effects of the matter fields on the gravitation
and gauge interactions. In particular, from eq.18 it is possible to extract, particle
creation rates, gauge and gravitational anomalies, new interaction terms, etc.
In order to calculate the SM anomalies we will follow the standard Fujikawa
method [6]. There exist a gauge anomaly whenever the EA is not gauge invariant.
Let us consider as an example the SU(Nc) gauge transformations. The effective
action, being a functional in the gauge fields, may have an anomalous variation
given by
δθW = −
∫
d4x
√
giθb(Dµ〈jµc 〉)b = −
∫
d4x
√
giθaAa(x) (19)
where Dµ = ∇µ+ [Gµ, ·], θ is the transformation parameter and jaµ = QγµΛaQ the
color gauge current. This transformation comes from the change in the integration
measure in eq.18, since the classical action is gauge invariant.
The anomaly Aa(x) in the above equation is in general a divergent object. The
corresponding renormalized expression is obtained by using the regularizing opera-
tors defined by:
HQ,Lψ = (i 6DQ,L)†(i 6DQ,L) = DQ,Lµ DµQ,L +XQ,L
HQ,L
ψ
= (i6DQ,L)(i6DQ,L)† = DQ,Lµ DµQ,L +XQ,L (20)
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with X = γ5S
µ
;µ + 2SµS
µ − 1
4
[γµ, γν ][dµ, dν ] and Dµ = Dµ − 12γ5[γµ, γν ]Sν whose
eigenvalues are gauge and local Lorentz invariant. As before, a bar means that left
and right projectors have to be exchanged.
The usual renormalization prescription for the anomaly in the Fujikawa method
is given by [7]:
Aaren(x) =
1
(4π)2
Tr(Λa(a2(H
Q
ψ , x)− a2(HQψ¯ , x))) (21)
The second coefficient in the heat-kernel expansion in curved space-time for the
operators in eq.20, which is the only relevant for the anomaly calculation, reads
a2(Hψ, x) =
1
12
[Dµ,Dν ][Dµ,Dν ] + 1
6
[Dµ, [Dµ, X ]] + 1
2
X2 − 1
6
RX
− 1
30
R µ;µ +
1
72
R2 +
1
180
(RµνρσR
µνρσ − RµνRµν) (22)
and a2(Hψ, x) has similar expression but with the barred quantities.
From the previous discussion, we obtain the anomalous Ward identity
(Dµ〈jµ〉)a = Aaren (23)
Thus we see that the presence of the anomaly represents a failure in the conser-
vation of the gauge currents. Such non-conservation would destroy the consistency
of the model and then it is necessary that the new terms depending on the curvature
and torsion cancel. This could impose new constraints to the SM hypercharges. Up
to now we have only considered the anomalous Ward identities in the SU(Nc) case,
the SU(2)L and U(1)Y results are obtained in a similar way.
The final explicit results for the different anomalous Ward identities are obtained
just by taking the traces in Lorentz and internal indices in eq.21. Thus for SU(Nc):
(Dµ〈jµc 〉)a = −
1
32π2
gsg
′ǫµνρσGaµνBρσ
∑
u,d
(yL − yR) (24)
The SU(2)L gauge current is j
aµ
L = QγµT aPLQ + (Q → L) and the corresponding
anomaly yields:
(Dµ〈jµL〉)a = −
1
32π2
gg′ǫµνρσW aµνBρσ

Nc∑
u,d
yL +
∑
ν,e
yL

 (25)
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The U(1)Y gauge current is j
µ
Y = Qγµ(Y QL PL+Y QR PR)Q+(Q → L) and the anomaly:
Dµ〈jµY 〉 =
1
32π2

− 1
24
ǫρσγδRµνρσR
µν
γδ

Nc∑
u,d
(yL − yR) +
∑
ν,e
(yL − yR)


+
g2s
2
ǫµνρσGaµνG
a
ρσ
∑
u,d
(yL − yR) + g
2
4
ǫµνρσW aµνW
a
ρσ

Nc∑
u,d
yL +
∑
ν,e
yL


+ g′
2
ǫµνρσBµνBρσ

Nc∑
u,d
(y3L − y3R) +
∑
ν,e
(y3L − y3R)



 (26)
Thus we find the same result as in flat space-time for the non-abelian currents.
However the abelian U(1)Y anomaly does get contributions from the curvature and
the torsion, thus imposing new conditions on the hypercharges for the cancellation.
The torsion contribution can be seen to be nothing but a total derivative and there-
fore can be removed by adding suitable counterterms to the lagrangian, for that
reason we have not written it in the final result.
As we have mentioned above, the SEP states that any theory in curved space-
time should be invariant under local Lorentz transformations. We consider the
possible violation of this symmetry due to quantum effects when chiral fermions are
present. As we will see, whenever abelian chiral gauge fields are present, as is the
case of the hypercharge field, local Lorentz invariance is in principle broken.
As we saw in Sect.2, the classical Dirac lagrangian in curved space-time is in-
variant under the SO(4) transformations given in eq.5 and eq.8 (for Euclidean sig-
nature). Therefore we can calculate the gravitational anomalies as gauge anomalies
of the Lorentz group. The only difference is the appearance of an additional field,
the vierbein, which also transforms under this group.
Following the same steps as in the previous section, we can obtain the corre-
sponding anomalous Ward identities.
We can write this result more conveniently using
δW
δΓa bµ
= − i
4
〈ψ¯(γµΣab + Σabγµ)ψ〉 = − i
2
〈j µab 〉
〈jµ〉 = 〈j µab Σab〉 (27)
and the explicit form of the SO(4) gauge covariant derivative that is nothing but:
Dµ = ∇µ + [Ωµ, ·].
10
Following the same steps as in the gauge case we find the anomalous Ward
identity:
Aabren(x) = −(Dµ〈jµ〉)ab(x) + i(T ab(x)− T ba(x)) (28)
where Tab = ebµδW/δe
a
µ is the expectation value of the energy-momentum tensor
in the presence of the background fields.
The renormalized anomaly is:
Aabren(x) =
1
(4π)2
tr
[
Σab
(
a2(H
Q
ψ , x)− a2(HQψ , x)
)]
+ (Q → L) (29)
After a lengthy calculation we arrive to the final expression for the Lorentz
anomaly, its explicit expression is:
Amnren =
g′
32π2
(
1
6
ǫmnabRµνabB
µν +
1
6
(B nα S
α;m −B mα Sα;n)
− 1
24
ǫmnab
(
BacS
cSb +BabS
2
)
− 1
6
ǫmnabBabR− 1
2
Sµ;µB
mn
− 1
3
ǫmnab✷Bab +
1
3
(SαB
αm);n − 1
3
(SmBµn − SnBµm);µ
− 1
3
(SαB
αn);m
)∑
u,d
Nc(yL − yR) +
∑
ν,e
(yL − yR)

 (30)
Notice that pure gravity terms do not arise, in agreement with the result that
there are no pure gravitational anomalies in four dimensions. Observe also that all
the terms depend on the abelian Bab field, whereas there is no contribution from
non-abelian gauge fields. Finally, the cancellation condition agrees with that of
eq.31 which ensures the vanishing of the gravity terms in the U(1)Y anomaly. This
condition is satisfied with the usual hipercharge assignment in the SM.
5 Anomaly cancellation and charge quantization
in the SM
From the above computation of the SM gauge and gravitational anomalies it is very
easy to read the conditions that must be set on the hypercharges in order to cancel
those anomalies thus making possible a proper definition of the SM as a QFT. The
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three first conditions in eqs.24, 25 and 26 are the same as those obtained in flat
space-time. However notice the appearance of terms depending on the curvature
in the third condition, which did not occur in the case of non-abelian gauge fields.
The new terms that were not present in flat space-time impose a new cancellation
condition, namely, the vanishing of the sum of all hypercharges
Nc
∑
u,d
(yL − yR) +
∑
ν,e
(yL − yR) = 0 (31)
The conditions for the cancellation of gauge anomalies in flat space-time, together
with the gauge invariance of the SM Yukawa sector, allows us to fix all the hy-
percharges up to a normalization constant [8]. However, we have just seen that, in
curved space-time, we have an additional constraint on the hypercharges, eq.31, com-
ing both from the curvature terms in the U(1)Y anomaly and from the local Lorentz
anomaly. Within the minimal SM, this condition is compatible with the others.
However it is possible to take a different point of view and, without assuming any
specific symmetry breaking sector, try to fix the hypercharges. Then, the above con-
ditions form a set of four equations for five unknowns yνL = y
e
L, y
u
L = y
d
L, y
e
R, y
u
R , y
d
R.
Let us try to solve the system explicitly and check whether they determine all the
hypercharges up to a normalization factor. First, we note that the four equations
can be reduced to a single one in terms of one variable for ydR 6= 0 (if ydR = 0 all the
hypercharges vanish, which is unphysical):
1 +
(
yuR
ydR
)3
+
21
6
(
yuR
ydR
)2
+
21
6
yuR
ydR
= 0 (32)
It is not difficult to see that there are three real solutions,
yuR
ydR
= −1, −2, −1
2
(33)
The rest of the hypercharges can be obtained in terms of one of them in a stright-
forward way. Hence, there are only three possible sets of hypercharges, up to a
global normalization factor. We have listed them in Table 8.1. The first solution,
whose normalization is arbitrary, together with the usual weak isospin assignment
Q = T3 + Y implies that the right component of the electron is chargeless.
The second set is the usual hypercharge assignment in the SM, normalizing
as usual QE = −1. The third solution, keeping the same normalization, leads
to different electric charges for the left and right components of the quark fields
12
UR UL DR DL NL ER EL
1st set y 0 −y 0 0 0 0
2nd set 2/3 1/6 −1/3 1/6 −1/2 −1 −1/2
3rd set −1/3 1/6 2/3 1/6 −1/2 −1 −1/2
Table 8.1: Hypercharge assignments.
and therefore to chiral electromagnetism. In conclusion, gauge and local Lorentz
invariance together with some physical constraints such as vector electromagnetism,
allows us to fix all the hypercharges up to global normalization.
6 The leptonic and baryonic anomalies
Following the above methods we will study in this section the anomalies appear-
ing in the leptonic and baryonic currents. Those anomalies correspond to global
symmetries of the classical SM and then they do not lead to any inconsistency in
the quantum theory. Moreover they could lead to new observable effects. In flat
space-time neither the baryon number B nor the leptonic number L are conserved
because of the axial anomaly. However, those anomalies equal so that B −L is still
conserved in the presence of the anomaly.
The baryon and lepton number currents:
jµB =
1
Nc
QγµQ , jµL = LγµL (34)
are classically conserved, i.e ∇µjµQ,L = 0, where ∇µ is the Levi-Civita covariant
derivative. However these conservation laws are violated due to quantum effects.
The corresponding anomalies can be obtained using Fujikawa method based on the
operators defined in eq.20. The gaussian regulators associated to these operators
respect the gauge and local Lorentz symmetries of the theory. This procedure yields
for the anomalies the following results (for euclidean signature):
∇µjµB =
1
32π2
ǫµναβ

g2
2
W aµνW
a
αβ + g
′2BµνBαβ
∑
u,d
(y2L − y2R)

 (35)
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and
∇µjµL =
1
32π2
{
−ǫ
αβγδ
24
RµναβR
µν
γδ +
ǫαβγδ
48
Sβ;γSδ;α + ǫ
αβγδ
(
g2
2
W aγδW
a
αβ
+g′2BγδBαβ
∑
ν,e
(y2L − y2R)
)
+
1
6
✷Sα;α +
1
96
(SαSνSα);ν −
1
6
(
RναSα − 1
2
RSν
)
;ν
}
(36)
The resulting lepton anomaly has terms depending on the curvature and the torsion
that appear due to the absence of one of the chirallity components of the neutrino
field. Such terms are not present in the baryonic anomaly since quarks have both
chirallity components. Thus in contrast with flat space-time, B−L is spoiled in the
presence of curvature and in principle also in presence of torsion.
Therefore we have three different kinds of potential contributions to the lepton
anomaly. First we have a ǫαβγδRµναβR
µν
γδ term where R
µν
γδ is the curvature asso-
ciated to the Levi-Civita spin connection. This topological term could give rise to
actual contributions to the L violation through the so called gravitational instantons
that would be relevant in the context of quantum gravity [9]. Second, there is also
the well known SU(2)L and U(1)Y gauge contributions to the anomaly [10]. Finally,
we also have the possible torsion contribution in which we are interested.
However the torsion contribution to the anomaly is a four-divergence and it can
be absorbed in the redefinition of the lepton current as follows:
j˜µL = j
µ
L −
1
32π2
(
1
6
S ;αµα +
1
96
SαSµSα − 1
6
(
RµαSα − 1
2
RSµ
)
+
1
48
ǫµβγδSβ;γSδ
)
(37)
In the absence of the other contributions to the anomaly this new current is con-
served, that is, ∇µj˜µL = 0. Thus we observe that the possible effects of the torsion
can be eliminated away by this redefiniton of the lepton current. Notice that the
new definiton, being gauge and local Lorentz invariant, is physically meaningful and
should satisfy the appropriate Ward identities for a properly defined lepton current.
An alternative way to show that torsion does not contribute to the lepton
anomaly is based on a different choice of regulator. In fact let us take as regu-
lators for the anomalies the operators i ˜6D†i ˜6D and i ˜6Di ˜6D†, where ˜6D is the 6D operator
in which the torsion field has been set to zero. These operators respect all the gauge
and local Lorentz symmetries of the theory and therefore they are also valid as reg-
ulators. However they do not depend on torsion, this implies that the regulated
anomalies cannot depend on torsion as expected.
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7 The EA for torsion and electromagnetism
The effective action defined in eq.18 is a functional in the vierbein and the connec-
tion, i.e, in the curvature and the torsion. In addition it also depends on the gauge
field. In this section we will concentrate in the contributions to the EA coming only
from the electromagnetic and torsion fields, from them it could be possible to obtain
some phenomenological effects as we will see. Therefore we will omit the curvature
dependence working in a flat space-time and also ignore the effects of the rest of the
gauge fields.
In this case, we will get for the EA, considering only the electronic family in SM:
W [A, S] = Scl[A, S] + iTr log
(
i 6D −m− 1
8
6Sγ5
)
(38)
where Scl[A, S] denotes the classical action which includes the Maxwell term for
the EM field, as well as the corresponding action for torsion. The Dirac operator
coupled to EM is defined as usual: Dµ = ∂µ − ieAµ. We can formally expand the
logarithm to generate a series in the interaction terms Sµ and Aµ:
W [A, S] = Scl[A, S] + i
∑
k=1
(−1)k
k
Tr
(
(i 6∂ −m)−1(e 6A− 1
8
6Sγ5)
)k
(39)
The Dirac propagator is defined as usual:
(i 6∂ −m)−1xy =
∫
dq˜e−iq(x−y)
6q +m
q2 −m2 + iǫ (40)
where the functional traces Tr are evaluated in dimensional regularization with D =
4− ǫ and dq˜ = µǫdDq/(2π)D. The result will contain divergent local pieces together
with finite local and non-local terms. Let us first give the results for the divergences:
Wdiv[A, S] =
∆
(4π)2
∫
d4x
(
−e
2
3
FµνF
µν − 1
192
SµνS
µν +
m2
16
SµS
µ
)
(41)
where Sµν = ∂µSν − ∂νSµ, ∆ = Nǫ + log(µ2/m2) with the poles parametrized as
Nǫ = 2/ǫ+ log 4π− γ and µ the renormalization scale. The first divergent term will
be absorbed in the redefinition of the photon field. In order to absorb the divergences
depending on torsion, it is neccessary that the classical action contains a kinetic and
a mass term for the torsion field. Thus we see that torsion behaves like a massive
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abelian gauge field. Even if we had started from a theory with non-propagating
torsion (such as Einstein-Cartan theory), we would generate a kinetic term due to
the interaction with the fermions.
The rest of finite contributions to the EA are in general difficult to obtain,
however we can study some of them in some particular limits. Thus we will consider
those terms with two photon fields and one torsion field in the masless limit for
fermions and for slowly varying torsion fields, i.e, p2A >> m
2 and p2A >> p
2
S, where
pA and pS denote the momenta of photon and torsion respectively. To the lowest
order in the number of torsion derivatives, we have:
WAAS0 [A, S] = −
e2
4(4π)2
∫
d4xǫµνρσF
ρµAσSν (42)
This term is gauge invariant but only to the lowest order, that is, for constant
torsion. It is local and finite since all the possible divergences are those in Wdiv.
The next order in the expansion with one torsion derivative reads:
WAAS1 [A, S] =
e2
2(4π)2
∫
d4xd4ydp˜
eip(x−y)
p2
ǫαβµν∂µ∂λA
λ(y)Aν(x)∂αSβ(x) (43)
This term is non-local and is not gauge invariant, however if we add WAAS0 we
recover gauge invariance even for arbitrary torsion fields. For constant Sµ the term
WAAS1 vanishes andW
AAS
0 has the precise form of the term needed to explain [11] the
anisotropy in cosmological electromagnetic propagation recently claimed by Nodland
and Ralston [12]. However two main difficulties appear in this explanation:
i) The term has been obtained assuming that p2A >> m
2, i.e. it is only valid for
highly energetic photons. However the Nodland-Ralston effect was found in radio
galaxies and therefore one expects WAAS0 not to be very relevant in that energy
range. However the very same fact suggests to look for such an effect in gamma-
rays sources.
ii) More important is the origin of the cosmological slowly varying torsion field.
From eq.41 we see that torsion behaves like a massive gauge field with mass values
around Planck scale. This fact would avoid the generation of long range torsion
fields. However it has been suggested that the true vacuum of the theory might
have a non vanishing vacuum expectation value for the torsion pseudotrace, thus
generating the cosmological background [13] required in the above explanation.
16
8 Conclusions
We have reviewed some of the consequences of formulating the SM in a curved space-
time with torsion. In particular, we have shown that the presence of torsion is not
incompatible with the cancellation of gauge and gravitational anomalies and thus,
the SM can be consistently formulated in a gravitational background with torsion. In
addition, although the leptonic anomaly is not modified by the presence of torsion, it
gets new contributions from the Levi-Civita curvature and as a consequence B−L is
no longer conserved in the presence of gravity. Finally we have shown that quantum
effects generate a kinetic and a mass term for the torsion fields of the same form as
those of massive abelian gauge fields. In addition, when we have torsion together
with an electromagnetic background, the quantum effects of matter fields induce
a new coupling of EM with torsion that in principle could have phenomenological
consequences.
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